Binary sequences with optimal autocorrelation and large linear complexity have important applications in cryptography and communications. Very recently, a class of binary sequences of period 4p with optimal autocorrelation was proposed via interleaving four suitable Ding-Helleseth-Lam sequences (Des. Codes Cryptogr., DOI 10.1007/s10623-017-0398-5), where p is an odd prime with p ≡ 1(mod 4). The objective of this paper is to determine the minimal polynomial and the linear complexity of this class of binary optimal sequences via sequence polynomial approach. It turns out that this class of sequences has quite good linear complexity.
Introduction
Let a = (a(i)) ∞ i=0 be a binary sequence of period N , its (periodic) autocorrelation is defined by
Herein and hereafter the addition i + τ is performed modulo N . Let Z N denote the ring of integers modulo N . The set Ca = {t ∈ Z N : a(t) = 1} is called the support of a, and a is said to be the characteristic sequence of the set Ca. It is easily verified that
Cuiling Fan School of Mathematics, Southwest Jiaotong University, Chengdu 611756, China. E-mail: cuilingfan@163.com By (1), one has Ra(τ ) ≡ N (mod 4) for each 1 ≤ τ < N . Therefore, the optimal value of out-of-phase autocorrelations of binary sequences can be classified into the following four types:
(A) Ra(τ ) = 0 for N ≡ 0 (mod 4); (B) Ra(τ ) ∈ {1, −3} for N ≡ 1 (mod 4); (C) Ra(τ ) ∈ {±2} for N ≡ 2 (mod 4); (D) Ra(τ ) = −1 for N ≡ 3 (mod 4).
The sequences in Types (A) and (D) are called perfect sequences and ideal sequences with two-level autocorrelation, respectively. The only known perfect binary sequences up to equivalence is the (0, 0, 0, 1). It is conjectured that there is no perfect binary sequence of period N > 4 which is widely believed to be true in both mathematical and engineer societies. Hence, it is natural to consider the next smallest value for the out-of-phase autocorrelation of a binary sequence of period N ≡ 0 (mod 4). That is, Ra(τ ) ∈ {0, ±4}. If Ra(τ ) ∈ {0, −4} when τ ranges from 1 to N − 1, or Ra(τ ) ∈ {0, 4} when τ ranges from 1 to N − 1, then a is referred to as a sequence with optimal autocorrelation value (with respect to the values) [11] . If Ra(τ ) ∈ {0, ±4} when τ ranges from 1 to N − 1, then a is referred to as a sequence with optimal autocorrelation magnitude (with respect to the magnitude of the autocorrelation values) [13] .
Binary sequences with optimal autocorrelation value/magnitude have important applications in many areas of cryptography, communication and radar [4] . Finding new binary sequences with optimal autocorrelation value/magnitude has been an interesting research topic in sequence design. During these four decades, numerous constructions of binary sequences with optimal autocorrelation have been reported in the literature (see [9] , [5] , [3] , [1] , [13] , [2] , [11] and the references therein).
The linear complexity of a sequence is often described in terms of the shortest linear feedback shift register that can be used to generate the sequence. In order to resist the well-known Berlekamp-Massey algorithm [8] , the employed sequences should have large linear complexity from the view point of cryptography. The linear complexity of many known binary sequences with optimal autocorrelation have been determined. A wellrounded treatment of the linear complexity of sequences with optimal autocorrelation was given in [12] and [6] .
Very recently, a new class of binary sequences with optimal autocorrelation magnitude was proposed in [10] . This construction is given as follows: Let p be an odd prime with p ≡ 1 (mod 4), a 0 , a 1 , a 2 , a 3 be four binary sequences of period p and b = (b(0), b(1), b(2), b(3)) be a binary sequence of period 4. Then a binary sequence of period 4p can be obtained as below:
where I and L denote the interleaved operator and the left cyclic shift operator respectively, and d is a positive integer satisfying 4d ≡ 1 (mod p). It was shown in [10] that the sequence u obtained from (2) is optimal with respect to the autocorrelation magnitude, i.e., Ru(τ ) ∈ {0, ±4} for all 0 < τ < 4p, if the sequences a 0 , a 1 , a 2 , a 3 are chosen to be some Ding-Helleseth-Lam sequences and the sequence b satisfies b(0) = b(2) and b(1) = b(3). . The objective of this paper is to determine the minimal polynomial and linear complexity of the optimal sequences proposed in [10] based on sequence polynomial approach. It turns out that this class of sequences has quite good linear complexity.
Preliminaries
In this section, we present some basic notation and results on sequences which will be needed in the sequel.
Interleaved Structure
Let {a 0 , a 1 , · · · , a T −1 } be a set of T sequences of period N . An N × T matrix U is formed by placing the sequences a i on the i-th column, where 0 ≤ i ≤ T − 1. Then one can obtain an interleaved sequence u of period N T by concatenating the successive rows of the matrix U . For simplicity, the interleaved sequence u can be written as
where I denotes the interleaved operator. For more details on interleaved structure, the reader is referred to [4] .
Linear complexity via sequence polynomial approach
The minimal polynomial ms(x) of the sequence s is the monic polynomial with lowest degree in all characteristic polynomials of s, and the linear complexity of s is then defined by the degree of ms(x), that is LC(s) = deg(ms(x)).
The minimal polynomial and linear complexity of a period sequence can be determined as follows. For the sequence polynomials, we have
Ding-Helleseth-Lam sequence
Let p = 4f + 1 be an odd prime, where f is a positive integer, and θ be a generator of the multiplicative group of the residue class ring Zp, then the cyclotomic classes D i of order 4 are defined as D i = {θ i+4j : 0 ≤ j ≤ f − 1} for 0 ≤ i ≤ 3. By using the cyclotomic classes of order 4, Ding, Helleseth and Lam constructed serveral classes of optimal binary sequences with period p as follows:
Let p = 4f +1 = x 2 +4y 2 be an odd prime, where f, x, y are positive integers. Then all the sequences of period p with supports Let m be the order of 2 modulo p and β be a primitive p-th root of unity over the
By using the property of the polynomials S(x) and T (x), the linear complexity of the Ding-Helleseth-Lam sequences was determined in [3] . In the sequel, we need some basic facts about the values of S(x) and T (x) at the point β used in the proof of Theorem 12 in [3] , which can be easily verified and will play an important role in proving our main results.
Lemma 3 ([3]) With the notation above, we have
3 The linear complexity of the optimal sequences obtained from (2) From now on, let p = 4f + 1 be an odd prime with f is odd, and d be a positive integer satisfying 4d ≡ 1 (mod p). Let θ be a generator of the multiplicative group of Zp and D i for 0 ≤ i ≤ 3 be the cyclotomic classes of order 4. Let s 1 , s 2 , s 2 , s 4 be the Ding-Helleseth-Lam sequences of period p with the supports
By using the sequences s i for 1 ≤ i ≤ 4, the following result was obtained in [10] . In what follows, we determine the linear complexity of the optimal sequences in Theorem 2 based on Lemmas 1 and 3. We always assume that F 2 m is the splitting field of x p − 1 and β is a primitive p-th root of x p − 1 in F 2 m . Then the set {β i : i = 0, 1, 2, · · · , p − 1} of roots of x p − 1 is a cyclic group of oder p with respect to the multiplication in F 2 m . Let u be the sequence obtained in Theorem 2 and su(x) be its sequence polynomial, then by Lemma 1, we have
where N i denotes the multiplicity of β i to be a root of su(x) for each 0 ≤ i ≤ p − 1.
To obtain the sequence polynomial su(x) of u, we first express the sequence polynomials of s 1 , s 2 , s 3 , s 4 by using S(x) defined by (3) . Notice that for any 0 ≤ j ≤ 3 we have i∈Dj ∪Dj+1
Then, by the definition, it can be readily verified that
where s 1 (x), s 2 (x), s 3 (x), s 4 (x) are the sequence polynomials of s 1 , s 2 , s 3 , s 4 respectively. Observe that p = 4f + 1 and 4d ≡ 1 (mod p) lead to
This together with (2) implies that
Then, according to Lemma 2 and (5), the sequence polynomials of the following sequences
are respectively given by
Therefore the sequence polynomial of u is given by
According to (4) , to determine the linear complexity of the sequence u, it is sufficient to determine N i for each 0 ≤ i ≤ p − 1. This can be done based on (6) . We have the following results. Lemma 4 With the notation above, N i = 0 for each 1 ≤ i ≤ p − 1.
Proof By (6) we have that su(β i ) = 0 if and only if S(β 4iθ ) + S(β 4iθ 3 ) = 0 due to β p = 1 and β = 1. The fact p = 4f + 1 with f being odd implies that 2 is a nonsquare element in Zp since the Legendre symbol ( a p ) = (−1) (p 2 −1)/8 = −1. This means 2 ∈ D 1 ∪ D 3 and then 4 ∈ D 2 . Thus, we have 4θ ∈ D 3 and 4θ 3 ∈ D 1 . Then, by Lemma 3 we have
This means that β i cannot be a root of su(x) for each 1 ≤ i ≤ p − 1 which finishes the proof. Proof We only need to calculate gcd(su(x), x 4 − 1), since N 0 is exactly equal to the degree of the polynomial gcd(su(x), x 4 − 1). Let e(x) = 1
x 4 (S(x 4θ ) + x p S(x 4θ 3 ) + x 2p S(x 4 ) + x 3p S(x 4 )). It follows from (3) that S(1) = 0 since p−1 2 is even. Thus (x − 1)|S(x k ) and therefore (x 4 − 1)|S(x 4k ) for any nonzero integer k. It then follows that (x 4 − 1)|e(x). This together with the fact gcd(
This completes the proof of this lemma.
By Lemmas 1, 4, 5 and the discussion above, we arrive at the main result of this paper.
Theorem 3 Let u be the optimal sequence of period 4p obtained in Theorem 2, where b(0) = b(2) and b(1) = b(3), and (a 0 , a 1 , a 2 , a 3 ) = (s 3 , s 2 , s 1 , s 1 ). Then the minimal polynomial of the sequence u is mu(x) = (x 4p − 1)/g(x) and the linear complexity of u is LC(u) = 4p − ǫ, where 1) g(x) = x 4 − 1 and ǫ = 4 if b = (0, 0, 0, 0); 2) g(x) = x 3 + x 2 + x + 1 and ǫ = 3 if b = (1, 1, 1, 1) ; and 3) g(x) = x 2 − 1 and ǫ = 2 if b = (1, 0, 1, 0) or b = (0, 1, 0, 1).
The following example based on a Magma programm is consistent with the results in Theorem 3. Based on D 0 ∪D 1 , D 0 ∪D 3 , and D 1 ∪D 2 , generate three Ding-Helleseth-Lam sequences s 1 = (0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 1, 0, 0, 0); s 2 = (0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0); s 3 = (0, 0, 1, 1, 1, 1, 1, 0, 0, 1, 0, 1, 0, 1, 1, 0, 0, 1, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 1).
Take b = (0, 0, 0, 0), we get the following sequence of period 116:
(0, 0, 0, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 0, 1, 1, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1, 0, 1, 1, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 0, 1, 0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 1).
The linear complexity of this sequence is 112. Take b = (1, 1, 1, 1) , we get the following sequence of period 116:
(1, 1, 1, 1, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 1, 1, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 1, 1, 0, 1, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 1, 1, 1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 1, 0, 1, 1, 0, 1, 0, 0).
The linear complexity of this sequence is 113. Take b = (1, 0, 1, 0) we get the following sequence of period 116:
(1, 0, 1, 0, 1, 1, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 1, 1, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 0, 1, 0, 1, 1, 0, 1, 0, 0, 1, 1,   0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 1, 1, 0, 0, 1, 0, 1, 0, 1, 1, 1, 0, 0, 0, 0, 1) .
The linear complexity of this sequence is 114. By using the same method used in Theorem 2, more optimal binary sequences of period 4p were obtained in [10] from the Ding-Helleseth-Lam sequences. Then the binary sequence u constructed from (2) is optimal.
Similar to the proof of Theorem 3, we can also determine the minimal polynomial and linear complexity of the sequence in u in Theorem 4. The details are omitted herein.
Theorem 5 Let u be the optimal sequence of period 4p obtained in Theorem 4, where b(0) = b(2) and b(1) = b(3), and (a 0 , a 1 , a 2 , a 3 ) be any element chosen from (7) . Then the minimal polynomial of the sequence u is mu(x) = (x 4p − 1)/g(x) and the linear complexity of u is LC(u) = 4p − ǫ, 
Concluding Remarks
In this paper, the minimal polynomial and linear complexity of the optimal sequences with period 4p that constructed from interleaving four Ding-Helleseth-Lam sequences of period p were completely determined via the sequence polynomial approach. It turns out this class of binary optimal sequences have very large linear complexity. It would be interesting to search more binary sequences with optimal autocorrelation and large linear complexity.
